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Abstract
Using recent results on higher order cumulants of conserved charge fluctuations from lattice QCD, we construct mean,
variance, skewness, kurtosis, hyper-skewness and hyper-kurtosis of net-baryon number distributions for small baryon
chemical potentials µB. For the strangeness neutral case (µS = 0) at fixed ratio of electric charge to baryon number
density ( nQnB = 0.4), which is appropriate for a comparison with heavy ion collisions, we present results for κBσ
2
B,
S Bσ3B/MB, κ
H
Bσ
4
B and S
H
Bσ
5
B/MB on the crossover line for the chiral transition, Tpc(µB). Continuum extrapolations for
this pseudo-critical transition line have recently been reported by HotQCD up to baryon chemical potentials µB ' 300
MeV [1]. These cumulant ratios are of direct relevance for comparisons with corresponding ratios measured by STAR in
the BES-I and II runs at beam energies
√
sNN ≥ 20 GeV. In particular, we point out that recent high statistics results on
skewness and kurtosis of net-baryon number distributions obtained by STAR at
√
sNN = 54.4 GeV put strong constraints
on freeze-out parameters and are consistent with predictions from thermal QCD.
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1. Introduction
Fluctuations of conserved charges such as strangeness, baryon-number and electric charge serve as ideal
probes to study the phase structure of QCD because higher order cumulants of these fluctuations diverge at
a critical point if they couple to the order parameter. Via measurements of event-by-event fluctuations of
associated proxy particle species, these conserved charge fluctuations are accessible to heavy ion collision
experiments. Lattice QCD predictions of such fluctuations remain difficult since direct simulations at finite
baryon chemical potential µB are hampered by the infamous sign problem. Instead, numerically expensive
extrapolation methods have to be used. Here we employ Taylor-expansions around µB = 0 to obtain cu-
mulants of net baryon-number distributions at small µB with the aim to provide first-principle thermal QCD
baselines for comparison with recent measurements of net proton-number cumulants performed by STAR.
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2. Numerical Setup
We perform rational hybrid Monte Carlo simulations of (2+1)-flavor highly improved staggered quarks
with quark masses tuned to the physical point. Compared to previous studies by HotQCD [2], the number of
gauge configurations in the vicinity of Tpc is increased by a factor of three to five for lattices with temporal
extend Nτ = 8 and aspect ratio Nσ/Nτ = 4. For lattices with Nτ = 12 the number of gauge configurations
is increased by a factor of six to eight. The exact numbers of configurations per temperature and temporal
extent are given in Table 1 of [3]. Using this high statistics data set, we are able to compute generalised
susceptibilities χBQSi jk up to order i + j + k = 8:
χBQSi jk (T, ~µ) =
1
VT 3
∂i+ j+k logZ(T, ~µ)
∂µˆiB∂µˆ
j
Q∂µˆ
k
S
, µˆX ≡ µXT . (1)
These susceptibilities constitute Taylor expansion coefficients of higher order cumulants of conserved charge
distributions.
χXn (T, µB) =
kmax∑
k=0
χ˜X,kn (T )µˆ
k
B, with X = B,Q, S (2)
The expansion is constrained such that the isospin imbalance (nQ/nB = 0.4) and strangeness neutrality
(nS = 0) conditions, similar to those relevant in heavy ion collisions, are fulfilled order by order. For
the case of net baryon-number flucutations, the explicit form of the coefficients χ˜B,kn can be found in [3].
With this setup, first and second order cumulants, related to mean and variance, respectively, are computed
to NNNLO, whereas third and fourth order cumulants are obtained to NNLO and fifth and sixth order
cumulants to NLO in µB/T . We use them to form cumulant ratios related to those measured in heavy ion
collision experiments
RXnm =
χXn (T, µB)
χXm(T, µB)
=
∑kmax
k=0 χ˜
X,k
n (T )µˆkB∑lmax
l=0 χ˜
X,l
m (T )µˆlB
. (3)
These ratios stemming from lattices with different Nτ are jointly fitted using a rational polynomial ansatz
that includes 1/N2τ corrections to obtain continuum estimates, see [3] for further details.
3. Results
In Fig.1 (left) we show the continuum extrapolated ratio of mean and variance of the net baryon-number
distribution RB12(T, µB) = MB/σ
2
B obtained from our lattice simulations for temperatures around Tpc(µB = 0).
We find the temperature variation to be rather weak and the µB-dependence to be dominated by the linear,
leading order contribution. Evaluating the ratio of mean and variance along the pseudo-critical transition
line Tpc(µB) = T 0pc(1 + κ
B
2µ
2
B) reported in [1] and comparing it to Hadron-Resonance-Gas (HRG) models,
shown in Fig.1 (right), we find the deviations from the leading order linear behaviour to be weaker than
predicted by HRG models. Up to about 125 MeV, the HRG models agree with our lattice calculations but
underestimate them when approaching larger values of µB.
Furthermore, we calculate the skewness and kurtosis ratios of the net baryon-number distribution,
RB31(T, µB) =
SBσ3B
MB
=
χB3 (T, µB)
χB1 (T, µB)
and RB42(T, µB) = κBσ
2
B =
χB4 (T, µB)
χB2 (T, µB)
. (4)
The leading order contributions to these ratios are independent of µB, while NLO contributions are slightly
smaller than zero, giving rise to a weaker µB-dependence for these ratios than RB12. Instead, they show a
strong variation with temperature as exemplified by RB31 in Fig.2 (left). In [2] it was found that the curvature
of the kurtosis ratio was about a factor three larger than that of the skewness ratio. As shown in Fig.2 (right)
this remains true even with the inclusion of NNLO contributions.
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Fig. 1. Left figure: Temperature variation of RB12(T, µB). Right figure: Comparison of R
B
12(Tpc, µB) from lattice QCD and HRG.
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Fig. 2. Left figure: Temperature variation of RB31(T, µB) for different combinations of [kmax, lmax], see eq. (3). Right figure: Comparison
between the µB-dependent parts of RB31 and R
B
42/3, with their second derivatives shown in the inset.
In Fig.3 (left) we show the skewness and kurtosis ratios evaluated along the pseudo-critical transition
line Tpc(µB) together with preliminary results of their corresponding net proton-number cumulant ratios
measured by STAR [4][5]. To allow for a parameter free comparison, we replace µB on the x-axis with RB12
evaluated at Tpc(µB). Of course, many caveats need to be taken into account when comparing baryon-number
fluctuations calculated in thermal equilibrium with proton-number fluctuations measured in heavy ion col-
lisions [6]. A direct comparison, as shown here, should rather be considered as a first step towards a more
thorough analysis. From the comparison, it seems that a freeze-out slightly below Tpc is thermodynamically
consistent with the skewness and kurtosis ratios calculated in lattice QCD.
Lastly, we also compute the ratios RB51(T, µB) and R
B
62(T, µB) which include the hyper-skewness and
hyper-kurtosis, respectively,
RB51(T, µB) =
S HBσ
5
B
MB
=
χB5 (T, µB)
χB1 (T, µB)
, RB62(T, µB) = κ
H
Bσ
4
B =
χB6 (T, µB)
χB2 (T, µB)
. (5)
Since the statistical uncertainties at such high orders are large, we can only use the Nτ = 8 dataset here.
Similar to the skewness and kurtosis ratios, the leading order contributions to both quantities are nearly
identical, while the NLO contributions are roughly related by a factor three. Both LO and NLO contributions
are negative throughout, such that hyper-skewness and hyper-kurtosis ratios remain negative across the full
µB/T region that is being probed. This is especially relevant when comparing to preliminary results of net
proton hyper-kurtosis as measured by STAR [5], depicted in Fig.3 (right). The observed sign change present
in the experimental data cannot be explained by thermal QCD at NLO in µB. Large NNLO contributions
might alter the result at RB12 ' 0.5 in favor of the experimental measurement, but results around RB12 ' 0.15
would not change much so that it seems impossible to match both data points with equilibrium QCD. We
also note that all bands shown in Fig.3 will shift to larger values, when drawn for a temperature below
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Fig. 3. Left figure: Comparison of RB31(R
B
12) and R
B
42(R
B
12) with corresponding proton fluctuations from STAR. Right figure: Same as
left figure but with RB51(R
B
12) and R
B
62(R
B
12).
the pseudo-critical temperature, which may be more appropriate, if freeze-out actually takes place below
Tpc(µB). For orientation we show the LO results for RB31 ' RB42 and RB51 ' RB62 at T = 150 MeV and µB = 0
in Fig.3 (left) and (right), respectively.
4. Conclusion
We have calculated up to sixth order cumulant ratios of net baryon number distributions at small µB for
strangeness neutral systems, ns = 0, with isospin imbalance nQ/nB = 0.4 via (2+1)-flavor HISQ/tree lattice
QCD simulations. We found a good agreement when comparing our results for skewness and kurtosis
ratios of net baryon-number fluctuations to measurements of net proton-number fluctuations by STAR. The
measured skewness and kurtosis ratios are thermodynamically consistent with a freeze-out close-to but
smaller than Tpc(µB). We also compared first estimates of fifth and sixth order cumulant ratios to preliminary
results obtained by STAR. So far, it seems that the sign change present in the experimental data can not be
reproduced by our lattice QCD calculations.
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